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Abstract
In calculating one-loop contributions to amplitudes of the lepton-flavor violating decays of the
neutral Higgses (LFVHD) to different flavor charged leptons, the analytic expressions can be written
in term of Passarino-Veltman functions. Then, they can be computed numerically by LoopTools [1].
Another approach is using suitable analytic expressions established for just this particular case. We
compare numerical results obtained from LoopTools and those computed by different expressions
that have been applied recently. Then we derive the preferable ones that are applicable for large
ranges of free parameters introduced in extensions of the standard model. For illustration, the
LFVHD in a simple model, which has been discussed recently, will be investigated more precisely.
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I. INTRODUCTION
In 2012, the detection of the standard model (SM) Higgs was a milestone of particle
physics [2]. Experimental searches for lepton-flavor violating decays of neutral Higgses
(LFVHD) have seen important new improvements recently [3, 4]. Motivated by this, study-
ing for signals of LFVHD at colliders in forthcoming years has been being given attention [5].
Also, the LFVHD of neutral Higgses were studied widely [6–8] where one-loop contributions
were computed in many specific frameworks such as suppersymmetric (SUSY) [8], lepton-
flavored dark matter [9], leptoquark [10–12], seesaw [13–16], extended mirror fermion [17],
3-3-1 and radiative neutrino mass models [18–20], and others [21, 22]. Some recent models
assume the presence of tree level lepton-flavor violating (LFV) couplings [23] in order to
explain successfully the large excess of LFVHD of the SM-like Higgs boson noted by the
LHC.
The one-loop contributions to LFVHD in SUSY models are usually formulated by the
mass insertion method [8], which will lose accuracy when the new (SUSY) scale is not much
larger than the electroweak scale. There is another way that is applied to both SUSY and
non-SUSY models, in which one-loop contributions are written in terms of the PV-functions
[8, 13, 14] before they are numerically investigated using well-known computation packages
[24].
Recently, there have been efforts to find convenient analytic expressions used for cal-
culating one-loop contributions to LFVHD in non-SUSY models, without using numerical
packages. The reason is that it is advantageous for studying models with simple loops
contributing to LFVHD. In addition, it is extremely useful for qualitative estimation of par-
ticular loop contributions before making concrete investigations. The mass insertion method
may not work well because these models predict new relevant scales rather close to the elec-
troweak scale. Refs. [11, 17, 20] did not exhaustively solve integrals in analytic formulas,
although Ref. [11] did cross-check them numerically with those built from PV-functions.
According to our experience, these expressions will not work well if the loops contain two
small masses of virtual particles like active neutrinos or MeV masses of the exotic neutrinos
in (inverse) seesaw models. Ref. [9] tried to find final analytic forms solving all integrations,
but they are only valid in very special cases, e.g., when masses of new particles are much
heavier than the SM-like Higgs mass. Refs. [12, 21] used directly an expression containing
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C0 functions-the simplest scalar integral in the set of one-loop-three point PV-functions.
But there were no analytic formulas for C0 introduced. It was calculated using one set of
fixed values of internal masses and external momenta. Ref. [16] used some particular as-
sumptions for evaluating approximate analytic forms of one-loop contributions to LFVHD
in a radiative neutrino mass model. In an effort to investigate LFVHD in a 3-3-1 model [18],
an analytic expression for C0 was introduced, needing only reasonable conditions of very
small masses of normal charged leptons e, µ and τ , corresponding to the approximate zero
on-shell momenta. This result was derived as a particular case of the general expression
given in [25]. It is then very easy to deduce all other one-loop-three point PV-functions,
which are well-known as C-functions. One of our main purposes is proving numerically the
very consistency of LoopTools [1] and these analytic expressions. We then compare them
with other formulas that have been used recently. In particular, we will study formulas of
C-functions introduced in [9] and [16] with the aim of finding regions of parameter space
that these two expressions are still valid.
We would like to stress that, in calculating LFVHD at the one–loop level, the key problem
in constructing simple analytical forms of PV-functions is that the external momentum of
the SM-like Higgs bosons cannot be taken to zero. It seems more dangerous when decays
of heavy neutral Higgs bosons in models beyond the SM are considered. Many analytic
forms of the one-loop-two-point PV-functions, denoted B-functions, are available and very
consistent with LoopTools [25, 26], such as expressions given in (A4). Therefore, we will
not consider them in this work. But for a C-function, even two external momenta relating
with charged leptons can be taken to zero, the momentum of the external Higgs cannot
be ignored when the loop contains at least one heavy virtual particle. Hence, the analytic
expressions for three zero external momenta, e.g., those given in [27], cannot be applied to
calculating LFVHD in general.
Another new result of this work is that we will use the analytic formula of C0 to reinves-
tigate the LFVHD in a lepton-flavored dark matter model introduced in [9]. In particular,
we will focus on the ranges of small masses of sleptons and neutral Majorana leptons that
cannot apply to expressions used in [9].
Our paper is arranged as follows. Section II will check the consistency between numerical
results given by Looptools and analytical formulas introduced in [18], concentrating on the
C0,1,2-functions. The other scalar factors of tensor integrals are easily derived by reduction
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procedures. We then use the analytic formulas to compare with those used in some recent
studies. Section III will restudy the LFVHD in the model given in [9] and discuss on the
possibilities of detection new particles predicted by this models at LHC and future colliders.
The final section is our conclusion. The three appendices list the PV-functions discussed in
this work.
II. PV-FUNCTIONS FOR CALCULATING LFVHD
A. LoopTools versus analytic expressions in [18]
The PV-functions relating with one-loop contributions to LFVHD are two- and three-
point functions. Conventions for external momenta are shown in Fig. 1.
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FIG. 1: Notation and directions of external momenta. The left panel is from LoopTools, where
k1 = p1 and k2 = p1 + p2, while the right panel is from [18].
We use a prime to distinguish notation between LoopTools and analytic forms, i.e., PV
functions computed by LoopTool are C ′-functions with external momenta p′1, p
′
2, and p
′
3.
The notation for analytic forms is unchanged, namely C-functions defined in Eqs. (A6) and
(A9). Relations between the two expressions for the same one-loop-three-point functions
are as follows. The last external momentum satisfies the on-shell condition p23 = p
′2
3 = m
2
h,
where mh is the mass of some neutral Higgs boson, including the SM-like Higgs boson.
For the scalar function C0 we have
C0 ≡ C0(M0,M1,M2) = C ′0(p21, p22, m2h;M21 ,M20 ,M22 ) ≡ C ′0(M1,M0,M2), (1)
where the corresponding notation is p′1 → −p1, p′2 → −p2, p′3 → p3, m1 → M1, m2 → M0
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and m3 →M2. This result is proved by changing the variable q = −k + p1 between the two
notations. Another proof is given in Appendix B.
We need only one tensor integral Cµ for calculating LFVHD in the ’t Hooft Feynman
gauge. The standard definition for it according to LoopTools is
C ′µ(m1, m2, m3) ≡ C ′µ(p′21 , p′22 , (p′1 + p′2)2;m21, m22, m23) = C ′1kµ1 + C ′2kµ2 , (2)
where the inverses of Feynman propagators in the loops are denoted as D′1 = q
2 − m21,
D′2 = (q + p
′
1)
2 −m22, D′3 = (q + p′1 + p′2)2 −m23, k1 = p′1 and k2 = p′1 + p′2. The standard
definitions for the analytic expressions are listed in Appendix A, namely
Cµ ≡ Cµ(p21, p22, (p1 + p2)2;M20 ,M21 ,M22 ) =
i
π2
∫
d4k × kµ
D0D1D2
= C1p
µ
1 + C2p
µ
2 , (3)
where D0 = k
2 −M20 , D1 = (k − p1)2 −M21 , D2 = (k + p2)2 −M22 .
Now we try to find the relation between C ′µ and Cµ that have relations among momenta,
p′1 = −p1, p′2 = −p2, p′3 = p3, and masses {m1, m2, m3} = {M0,M1,M2}. Because C ′µ is
finite, changing the integral variable q → −k + p1 in Eq. (2) does not affect the integral
value. Therefore, we get a new expression for C ′µ:
C ′µ(m1, m2, m3) =
i
π2
∫
d4k × (−k + p1)µ
D′0D
′
1D
′
2
= C ′1k
µ
1 + C
′
2k
µ
2 , (4)
where D′0 = k
2 − m22, D′1 = (k − p1)2 − m21, and D′2 = (k + p2)2 − m23. Fixing m2 = M0,
m1 = M1 and m3 = M2 and comparing Eq. (4) with Eq. (3), we obtain an important
equality
C ′µ(M1,M0,M2) = −Cµ + C0pµ1 or
−pµ1C ′1(M1,M0,M2) − (p1 + p2)µC ′2(M1,M0,M2) = −(C1pµ1 + C2pµ2 ) + C0pµ1 . (5)
As a result, the relations between scalar functions are
C ′1(M1,M0,M2) = C1 − C2 − C0, C ′2(M1,M0,M2) = C2. (6)
Now we will check numerically the consistency between LoopTools and analytic expressions
based on the three equalities shown in (1) and (6), where C ′0,1,2(M1,M0,M2) is computed by
LoopTools; and C0, C
′
1 = C1−C2−C0, and C2 are computed using C0,1,2 given in Appendix
A.
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In many models, the case of M1 = M2 often occurs in LFVHD calculations, where
M1 (M2) may be masses of charged Higgs bosons; fermions including active neutrinos,
exotic leptons or quarks; charged gauge bosons and their Goldstone bosons. Therefore, we
will check with M1 = M2 in the two following cases: (i) all M0,1,2 are new particles from
beyond the SM, (ii) at least one of these masses is an active neutrinos mass. On the other
hand some models, such as the one introduced in Ref. [9], and contain three different internal
masses. Therefore we will consider two more cases: (iii) M1 = M0, and (iv) M1 = 2M0. In
the first case, M0 (or M1 = M2) will be fixed with two small and large values of 100 and
1000 GeV, respectively. The remaining M1 = M2 (or M0) will vary from 150 GeV to 2000
GeV. In the second case, the lightest active neutrino mass will be fixed as M0 = 10
−10 (or
M1 = M2 = 10
−10) GeV with varying M1 (or M0) from 80 GeV to 2000 GeV. The virtual
mass ranges chosen here cover all cases of new particles or SM particles like W± gauge
bosons in seesaw models or top quarks in leptoquark models. Regarding the last two cases,
we will fix M0 = 100; 1000 GeV and change M2 in the range of (150 GeV, 2000 GeV). As
an illustration, we consider only the PV functions relating to LFVHD of the SM-like Higgs
boson with mh = 125.1 GeV.
In order to estimate the discrepancy between the analytical results and LoopTools, we
define the relative error as follows:
δ[%] =
|LoopTools| − |Thiswork|
|Thiswork| × 100. (7)
The following results are presented only for the real parts of the functions C0, C1, C2
in comparison with the corresponding ones in LoopTools. Although the imaginary parts
of these functions are not shown in this paper, it is noticeable that they are in perfect
agreement with LoopTools as well (with relative errors all smaller than O(10−6 %)). The
figures in this section will be plotted on a logarithmic scale.
Figure 2 shows a numerical comparison of the function C0, where the dotted blue and
red curves represent analytic results and LoopTools, respectively. One finds that they are
consistent with all relative errors being smaller than O(10−6 %). Similarly, Figs. 3 and 4
illustrate the cases of the C1 and C2 functions. Again, we find the same conclusion as the
case of the C0-function.
To finish the comparison with LoopTools, we emphasize that the analytic results men-
tioned here can be successfully applied to calculating one-loop contributions to LFVHD of
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FIG. 2: Checking numerically the consistency of the C0 expression with LoopTools. The four plots
in the first two rows refer to the first case. The three remaining rows show cases of (ii), (iii), and
(iv), respectively.
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FIG. 3: The function C1 in this work is numerically cross-checked with LoopTools for all cases,
with the same orders mentioned in Fig. 2.
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FIG. 4: The function C2 in this work is numerically cross-checked with LoopTools for all cases,
with the same orders mentioned in Fig. 2.
heavy neutral Higgs bosons beyond the SM such as the CP-odd Higgs boson in the minimal
supersymmetric model (MSSM), heavy neutral Higgs bosons in the 3-3-1 models, or even the
750 GeV Higgs boson that has been widely discussed recently. Other one-loop contributions
to decays of heavy particles to pairs of very light particles such as leptons, light quarks can
also expressed as functions of the above C-functions, without any inconsistencies with the
results obtained from using numerical packages. The complete set of analytic expressions
of C-functions needed for calculating one-loop contributions in the unitary and ’t Hooft
Feynman gauges introduced in [18].
In the next subsection, we discuss other analytic forms used for calculating LFVHD at
the one-loop level.
B. Discussion of other expressions for C-functions
1. Comparison with results in Refs. [12, 21]
In this subsection we would like to compare the numerical results of analytic forms of
C-functions in [18] with other recent expressions. Refs.[12, 21] used directly a formula
containing C0-functions but with only one set of fixed values of internal masses and external
momenta. The relevant loops are defined in the formula
g1(λ,m
2
∆) = (m
2
∆ +m
2
t )C0(0, 0, m
2
h, m
2
t , m
2
∆, m
2
t ) +B0(m
2
h, m
2
t , m
2
t )− B0(0, m2t , m2∆)
+ λv2C0(0, 0, m
2
h, m
2
t , m
2
∆, m
2
t ), (8)
where m∆ is the mass of the leptoquark in the loop, mh = 125.1 GeV, mt = 173 GeV,
v = 246 GeV and λ is the trilinear Higgs-self-coupling. The important property of LFVHD
in this model is that the top quarks play role of LFV mediators in the loop, hence analytic
results in [9, 16] cannot be applied. Using the expressions in [18], the corresponding notation
translations are M0 = m∆,M1 = M2 = mt (M0 = mt,M1 = M2 = m∆) in the first
(second) line of Eq. (8), B0(m
2
h, m
2
t , m
2
t ) = B
(12)
0 and B0(0, m
2
t , m
2
∆) = B
(1)
0 = B
(2)
0 . For
m∆ = 650 GeV we get C0(0, 0, m
2
h, m
2
t , m
2
∆, m
2
t ) = −4.866×10−6, C0(0, 0, m2h, m2∆, m2t , m2∆) =
−2.04× 10−6 and B(12)0 −B(1)0 = 1.941. As a result, g1(λ, 650GeV) = −(0.26+0.12λ), being
consistent with the value given in [12, 21].
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2. Approximation of C0-function in Refs. [9] and [16]
Now we consider special cases used in Ref. [9], where the notation of the C0-function
is the same as that in [18], in particular C0(0, 0, m0, m1, m2) ≡ C0(M0,M1,M2). Apart
from the approximation p2µ, p
2
τ ≃ 0, calculation in [9] assumed a very special limit where
M20,1,2 ≫ m2h = (125.1GeV)2. In our notation, the C0-function derived from [9] is as follows
C ′′0 (M0,M1,M2) ≡ −
1
M20
G(r1, r2) =

1
M2
0
(r1−r2)
(
r1 ln r1
r1−1 − r2 ln r2r2−1
)
, r1 6= r2 6= 1;
− 1
2M2
0
, r1 = r2 = 1;
− 1
M2
0
r1−1−ln r1
(r1−1)2 , r1 = r2 6= 1;
− 1
M2
0
1−r2+r2 ln r2
(r2−1)2 , r2 6= r1 → 1;
− 1
M2
0
1−r1+r1 ln r1
(r1−1)2 , r1 6= r2 → 1,
(9)
where ri ≡ M2i /M20 , i = 1, 2. The relative difference between |C0| and |C ′′0 | is defined by
the quantity |δC0| given in Eq. (7). The two cases of r1 = r2 and r2 ≫ r1 = 1 are shown
in Fig. 5. Here we also include an approximate function for C0(mN , mV , mV ) used in Ref.
[16]. The precise formula is collected in Appendix C. We just show the relative difference
with the main analytic formula in the right panels of Fig. 5 with the dotted curves.
Fig. 5 shows that two analytic forms in [16] and [18] are more consistent than the
expression in [9], if internal masses are few hundred GeV. If all internal masses are as large
as TeV scale or more, all three results are well consistent with the relative differences being
smaller than 0.1%.
3. Approximation of C2-function in Ref. [16]
The LFVHD was also investigated in Ref. [16] with some special conditions. In the light of
today’s experimental data, though the analytic expressions of one-loop contributions from
diagrams with W± mediations may give large errors compared with LoopTools, they are
still applicable to diagrams with new particle mediations such as new heavy charged scalars,
gauge bosons and fermions in models beyond the SM [9, 17, 18]. Comparing two analyses
for particular diagrams in the ’t Hooft Feynman gauge, e.g., Ref. [16], diagram 1 a), we can
derive an approximate formula for the C2 function denoted C
′′′
2 . It is listed in Appendix C.
Here new notation is λN ≡ m2N/m2V , MW → mV , and MH → mh. The mV now can be
considered as the mass of some new particle playing the role of W± bosons in the loops.
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FIG. 5: Comparison among expressions for C0 introduced in Refs. [18], [9] and [16] in the case
of M1 = M2 (M1 = M0) corresponding to the upper (lower) panels. In the left panels, the solid
(dotted) curves show the numerical results from [18] ([9]) as functions of r1 =M
2
i /M
2
0 . In the right
panels, the solid (dotted) curves show the relative difference between Ref. [9] ([16]) and Ref. [18].
The highest dashed green lines imply values of 5(%).
All of the assumptions given in [16] are still valid in this case, specifically
m2
h
4m2
V
,
m2
h
m2
N
≪ 1.
Similarly, the analytic expression for C2(mN , mV , mV ) = C2(mh, λN , mV ) is derived from
(A9). The comparison is shown in Fig. 6. We can see that for seesaw models with loops
containing W± bosons and neutral exotic leptons, the expressions in [16] are not good, with
the relative discrepancy around 5%. In the models with top quarks in the loop, the relative
discrepancy is better, with values smaller than 1%.
We obtain the same conclusion for other C-functions where the analytic formulas are
shown in Appendix C. In general, these formulas are very well consistent with all internal
masses larger than 300 GeV.
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FIG. 6: Comparison between |C2(mN ,mV ,mV )| and |C ′′′2 (mN ,mV ,mV )| in case of mh = 125.1
GeV. In the left panel, the solid (dotted) curves represent |C2| (|C ′′2 |) as functions of λN = m2N/m2V .
III. LFVHD IN A MODEL WITH LEPTON-FLAVORED DARK MATTER
A. The model and results of LFVHD from the previous work
To illustrate an effort to find how large the branching ratio (BR) Br(h→ µτ) can reach
from one-loop contributions, in this section we will consider a model constructed in [9] with
a simple kind of LFVHD loop. This model extends the SM by adding a Majorana DM
candidate N and scalar partners of both left- and right-handed leptons, called sleptons.
The simplest model contains only one Majorana lepton with mass M , one slepton doublet
φℓ = (φ
+
ℓ , φ
0
ℓ)
T , and a slepton singlet φe. These scalars couple directly with leptons through
the Yukawa interactions, and therefore give new LFV couplings. Unlike the models where
Yukawa couplings relate with active neutrinos, these new couplings may be large and result
in large BRs of LFVHD.
The details of the model are given in [9], we collect here only the ingredients relating to
the LFVHD.
The Lagrangian containing all LFVHD couplings is
− L = −LSM +m2φℓ |φℓ|2 +m2φe |φe|2 +
1
2
MNN +
(
−yLa l¯aPRNφ˜ℓ + yRa e¯aPLNφ−e + h.c.
)
+
(
−µH†φ˜ℓφ∗e+h.c.
)
+ λ−1|φe|2|φℓ|2 + λ0|H|2|φℓ|2 + V2HDM, (10)
where φ˜ℓ = iσ2φ
∗
ℓ , H is the SM Higgs doublet, and V2HDM, which is the same as the Higgs
potential of two Higgs doublet models (2HDM), can be found in [9]. The slepton doublet φℓ
and the SM Higgs doublet have the same U(1)Y charge; therefore φℓ can be regarded as the
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second Higgs doublet in the 2HDM, except that the neutral component has zero vacuum
expectation value (VEV). This is similar to the case of extension the SM Higgs sector, which
is one of the necessary conditions to get large Br(h→ µτ) without any inconsistencies with
the experimental constraint of LFV of charged lepton decays [7, 21].
Neutrino masses in this model are originally from radiative corrections [9]. We will ignore
contributions from active neutrinos to LFVHD because they are much smaller than those
from new LFV couplings [18]. Only charged sleptons and N involve as LFV mediators.
After symmetry breaking, these new sleptons get mass from the two mass terms of φℓ and
φe, as well as the part coming from the trilinear coupling µvφeφ
+
ℓ /
√
2 + h.c. They are all
new physics beyond the SM, leading to new free parameters of the model. The original and
mass eigenstates (φ±ℓ , φ
±
e ) and (e˜
±
1 , e˜
±
2 ) relate to each other through the following relations
e˜±1 = cos θφ
±
ℓ − sin θφ±e , e˜±2 = sin θφ±ℓ + cos θφ±e , (11)
where
tan θ =
1√
2vµ
[
∆m2φ +
√
(∆m2φ)
2 + 2v2µ2
]
, (12)
and ∆m2φ ≡ m2φℓ −m2φe .
The masses of e˜1,2 are
m2e˜1,2 =
1
2
[
m2φℓ +m
2
φe
∓
√
(∆m2φ)
2 + 2v2µ2
]
. (13)
The mixing angle θ can be also read as
sin θ cos θ =
µv√
2
(
m2e˜2 −m2e˜1
) → m2e˜2 = m2e˜1 +
√
2vµ
sin 2θ
. (14)
Eq. (14) implies that m2e˜2 , θ, µ, and m
2
e˜1
are not independent of each other, i.e., one of them
must be treated as a function of the remaining ones. The strict decoupling condition is
µ = 0 and θ = 0,±π/2. For convenience, it is enough to assume that µ > 0, 0 ≤ sin θ ≤ 1√
2
,
leading to the consequence that me˜2 ≥ me˜1 . The signs of µ and sin 2θ will be commented
on if needed. The LFVHD amplitude contains only the functions C0(M,me˜i, me˜j ) with
i, j = 1, 2 for two sleptons e˜1 and e˜2. Interestingly, the partial decay width of this decay is
proportional to the following part [9],
Γ(h→ µτ) ∼ mh
16π
×
∣∣∣∣ M16π2 × µ√2 × C0(−p2, p1 − p2,M,me˜i, me˜j )
∣∣∣∣2 , (15)
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where p2 and (p1−p2) are external momenta of the µ and τ leptons. Note that the factor M
comes from the propagator of the neutral lepton N in the loop. Because of the appearance of
trilinear coupling µ in (10), let us discuss a very interesting property of the LFVHD suggested
by Eq. (15), where the most interesting case is m2e˜2 ≫ m2e˜1 ,M2. Normally, we have C0 ∼
1/m2e˜2 and µ ∼ m2e˜1 sin 2θ/(v
√
2), implying that the product |µC0(−p2, p1−p2,M,me˜i, me˜j)|2
might be finite even with a very large new scale. As a result, an increasing value of M will
enhance the Br(h→ µτ). This property of the LFVHD was shown even in the inverse seesaw
model [14], where only new mass terms of new heavy neutral leptons are added in the SM.
But the LFVHD predicted by this model was still small because the exotic neutrino masses
are constrained from the condition of Yukawa couplings that must satisfy the pertubative
limit. In the model under consideration, the LFVHD is not affected from this constraint.
The LFV decay of τ → µγ does not have this property, hence the corresponding BR will
decrease with increasing values M and me1,2 .
For the convenience of readers, we will review the main results shown in [9] before going
on to our main investigation. Apart from the LFVHD, new scalars and neutral leptons give
new contributions to LFV decays of charged leptons, loop-induced decay h→ γγ, and DM
problems. Hence the experimental data relating to these was investigated for prediction of
large LFVHD. The constraint from the decay h→ γγ allows two regions of parameters me˜1
and me˜1 : (i) me˜1 should be sufficiently heavy or nearly degenerate with me˜2 ; and (ii) me˜1
should be small for consistent values of µ, which should not be too large.
One-loop contributions to LFV decays of the SM-like Higgs boson and charged leptons
were constructed from new functions G(x1, x2), G(x1), G(x2), and F (x1,2), which are derived
from the C0-function based on different conditions of external momenta and internal masses.
New variables are defined as x1,2 ≡ m2e˜1,2/M2. The Br(h → µτ) was estimated from the
rate Rτ ≡ Br(h → µτ)/Br(τ → µγ) which is proportional to G(x1, x2)/(F (x1) − F (x2))
or (G(x1) + G(x2))/(F (x1) − F (x2)) in the decoupling or maximal mixing limit. They
are denoted by a common function r(x−11 , x
−2
2 ). According to [9], under the constraint of
Br(τ → µγ) < 4.4 × 10−8, the value of r(x−11 , x−22 ) should be large enough to explain the
current experimental value of Br(h→ µτ). In particular, the preferable regions of parameter
space are as follows. In the maximal limit, masses of the two sleptons should be degenerate.
In the decoupling limit, there are three regions: (i) m2e˜2 ≃ m2e˜1 ≫ M2 and large µ ∼ O(10)
TeV; (ii) m2e˜2 ≥ O(10) × m2e˜1 ≃ M2 and M2 ∼ O([1TeV]2), and iii) m2e˜2 ≥ m2e˜1 and m2e˜1
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should not be too much larger than M2. The relic density of DM in this model can be
explained with a few hundred GeV of M .
In the next section we will use many analytic expressions constructed in [9] to discuss
the more interesting aspects of LFVHD; in particularly we will pay attention to the regions
of parameter space with few hundred GeV masses of new particles.
B. New results for LFVHD
First, we consider the function G(x1, x2) defined in (9), where G(x1) ≡ G(x1, x1) and
G(x2) ≡ G(x2, x2), and
x1,2 =
m2e˜1,2
M2
. (16)
Our numerical investigation shows that the difference between the results produced from
the two analytic expressions in [9] and [18] does significantly increase with small masses of
M and m2e˜1,2 . Especially if all of them are around 300 GeV, not far away from mh = 125.1
GeV.
In the following investigation, we will use the formulas for Br(h→ µτ), Br(τ → µγ) and
the deviation cγ of the hγγ coupling that are established in [9], except that the G(x1, x2)-
function is replaced with the accurate C0-function mentioned above.
Regrading the estimation of Br(h → µτ) with the ratio Rτ , which is defined as Br(h →
µτ) ≡ Rτ ×Br(τ → µγ) [9], seems not very good, for the following reasons. First, even with
very large Rτ , a tiny value of Br(h→ µτ) may correspond to a very small Br(τ → µγ), and
vice versa. Second, it does not show the allowed regions satisfying the bound Br(τ → µγ) <
4.8×10−8, because this constraint may rule out the regions with large Br(h→ µτ). We will
give a numerical discussion of these points after reviewing the formulas required from [9].
The BR of LFVHD can be written as [9]
Br(h→ µτ) = 1.2× 10−2 ×
( µ
5TeV
)2(1TeV
M
)2
×
( |yRτy∗Lµ|
1
)2
×
∣∣∣∣ [(G(x1) +G(x2)] sin2 2θ0.4 + G(x1, x2) cos2 2θ0.2
∣∣∣∣2 , (17)
where the two particular forms for this BR are θ → 0 in the decoupling limit and θ → π/4
in the maximal mixing limit. The parameters µ, yRτ , yLµ and M are introduced in the
Lagrangian (10). The Yukawa couplings can be fixed as |yRτy∗Lµ| = 1 because they are
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independent of charged slepton masses. In contrast, the parameter µ affects the masses
of sleptons through Eq. (13), implying that it affects G(x1, x2). Hence we believe that µ
and G(x1, x2) do not independently affect Br(h → µτ), as discussed in [9]. In addition,
the increasing µ, corresponding to decreasing x−11,2, changes all values of G(x1), G(x2), and
G(x1, x2). So the BR in (17) depends complicatedly on µ.
The relation between Br(τ → µγ) and Br(h→ µτ) is given by
Br(τ → µγ) = 10
−5
2.8
(
5TeV sin 2θ
2µ
)2
×
∣∣∣∣ 400(F2(x2)− F2(x1))[G(x1) +G(x2)] sin2 2θ + 2G(x1, x2) cos2 2θ
∣∣∣∣2 × Br(h→ µτ) (18)
with [9]
F2(x) ≡ −1 + x
2 − 2x ln x
2x(1− x)2 . (19)
Eq. (18) contains two specific limits of decoupling and maximal mixing, which are separately
considered in [9]. Here we use the ratio 1/Rτ instead of Rτ . Recall that these ratios cancel
all Yukawa couplings appearing in both expressions of the branching ratios. If we consider
simultaneously both (17) and (18), the discussion in Ref. [9] for large LFVHD is illustrated
in another way, as shown in Fig. 7, where sin θ = 0.1 for the decoupling limit. The three
quantities Br(h→ µτ), Br(τ → µγ) and r(x−11 , x−12 ) are represented in the same figure. We
emphasize that in this investigation the µ parameter is expressed as a function of me˜i and
θ, given by (14). 1 We can see that the constraint of Br(τ → µγ) seems to favour small
Br(h→ µτ) in the region with degenerate slepton masses.
Fig. 7 also shows two interesting points: i) a large r(x−11 , x
−1
1 ) does not always correspond
to a large Br(h→ µτ) when the experimental constraint of Br(τ → µγ) is considered, and ii)
the allowed regions with large Br(h→ µτ) are sensitive to the variation of M but seem not
sensitive to the change of r(x−11 , x
−1
2 ). Furthermore, an increasing M enhances Br(h→ µτ),
but causes Br(τ → µγ) to decrease. As a result, the allowed region expands wider. These
conclusions are, in general, different from those indicated in [9]. An illustration of the first
point is that with x1 ≃ x2, increasing r will cause a decrease in the value of Br(h → µτ);
see the lower-left and upper-right of all panels in Fig. 7. For the second point, enhancement
of Br(h → µτ) can be explained by considering formula (17). With large M > 1 TeV
and x2 ≫ x1 ≃ 1, the approximate expressions (9) are applicable and very convenient for
1 We guess that Ref. [9] did not pay attention to this point.
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FIG. 7: Contour plots as functions of x−11 and x
−1
2 . The yellow regions satisfy the upper bound
of Br(τ → µγ) < 4.4 × 10−8. The left (right) panel corresponds to the decoupling (maximal
mixing) limit. The solid, dotted and dashed curves represent the constant values of Br(h → µτ),
Br(τ → µγ), and r(x−11 , x−12 ), respectively.
qualitative estimation. Fig. 7 suggests two allowed regions giving large Br(h → µτ): (i)
x1 = x2 ≫ 1, and (ii) x1 → 1 while x2 → ∞ assuming that x2 > x1. To understand, using
µ = sin 2θ ×M2(x2 − x1)/(
√
2v) obtained from (14), with v ≃ 0.25 TeV, m2e˜i = M2xi, we
get a formula for LFVHD derived from (15) and (17):
Br(h→ µτ) ≃ 9.6× 10−2
∣∣∣∣yRτy∗Lµ1
∣∣∣∣2 × ∣∣∣∣M sin 2θ1TeV
∣∣∣∣2
×
∣∣∣∣(x2 − x1)(12 sin2 2θ[G(x1) +G(x2)] + cos2 2θG(x1, x2)
)∣∣∣∣2 . (20)
Assuming thatM and θ are fixed, in the first region with x1 → x2, the total factor relating
to xi goes to zero in the limit, then the BR of LFVHD will go to zero too. So the large
LFVHD is not caused by this degeneration between slepton masses. Instead the enhancement
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of BR of LFVHD originates from the large product |M sin 2θ/(1TeV)|2. Comparing the
upper and lower panels of Fig. 7, the effect of M is clearly illustrated, while the effect of
sin θ can be seen in the left and right panels, where sin θ = 0.1 and 1/
√
2, respectively.
In the second region, where x1 → 1, we have |(x2 − x1)G(x1, x2)| =
∣∣∣ 1−x2+x2 lnx2(x2−1) ∣∣∣ and
|(x2 − x1) [G(x2) +G(x1)]| = |(1− x22 + 2 lnx2)/(2− 2x2)|. Both of them can be arbitrary
large if x2 is not constrained. Combining with the factor of |M sin 2θ/(1TeV)|, it is easy to
derive that the value of Br(h → µτ) will take arbitrary values with large M and nonzero
sin 2θ. In contrast, in this case the Br(τ → µγ) is very suppressed, which can be explained
as follows. From Eq. (18), or the precise form of the partial decay width of the LFV process
τ → µγ shown in [9], we can see that
Br(τ → µγ) ∼ sin
2 2θ
M2
× |F2(x2)− F2(x1)|2,
with F2(x) given in (19). It is easy to prove that limx1→1 F2(x1) = 0 and limx2→∞ F2(x2) = 0.
Hence, if x2 orM is large enough, the Br(τ → µγ) always satisfies the experimental bounds.
Because x2 = m
2
e˜2
/M2 and with relation (14), a large m2e˜2 will correspond to a large µ,
leading to a very narrow allowed region with large µ values, as we will show below. In this
case, the experimental data such as LFVHD and hγγ coupling will give information on the
parameters of the model.
In the next section, we focus just on the small values of M below 1 TeV, where N can
be detected by experiments and addressed with dark matter candidates [9]. Another reason
is that small values of M can be accurately investigated using the analytic expressions we
mentioned above.
In this investigation, we will combine two constraints of BR(τ → µγ) and hγγ coupling
to estimate Br(h → µτ). The free parameters chosen are M , θ, µ, and me˜1 , apart from
fixed Yukawa couplings. As an illustration, the parameter M will be fixed in two cases:
small M = 300 GeV and large M = 1 TeV. The value of θ will be chosen the same as the
assumption from Ref. [9], with the two limits for decoupling sin θ = 0.1 and maximal mixing
sin θ = 1/
√
2.
The loop-induced coupling of decay h→ γγ is nonnegative and constrained by [9]
0 ≤ δγ ≡
δcγ
cSM,γ
=
1
48× 0.81 ×
(µv)2
m2e˜1(m
2
e˜1
+
√
2µv sin 2θ)
< 0.20, (21)
where we have used
(
m2e˜2 −m2e˜1
)
sin 2θ =
√
2µv. In contrast to Ref. [9], where me˜2 is
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ignored, here we include this mass in (21). The interesting consequence is that δγ is always
positive, unlike the conclusion about the two allowed regions indicated in previous work. It
is easy to see that the hγγ coupling deviation gives an upper bound on µ.
Illustrations are shown in Figs. 8 and 9, corresponding to the two decoupling and maximal
mixing limits. There are common properties shown in the two figures. In each figure, the
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FIG. 8: Contour plots as functions of µ and me˜1 in the decoupling limit. The yellow regions satisfy
the upper bound of Br(τ → µγ) < 4.4 × 10−8. The solid, dotted, and dashed curves represent the
constant values of Br(h→ µτ), Br(τ → µγ) and δγ , respectively.
allowed region from the constraint Br(τ → µγ) consists of two distinguishable parts: (i)
large me˜1 and small µ, and (ii) me˜1 is around the value of M while µ is arbitrarily large.
The first part, which lies in the upper-left region of the left panel, corresponds to very small
µ or
√
2vµ sin 2θ. Therefore it gives Br(h → µτ) smaller than 10−5 with small M = 300
GeV, and 10−3 with large M = 1 TeV. While the second part gives much larger BR of
LFVHD, it is still constrained by hγγ coupling deviation. For M = 300 GeV, the largest
Br(h → µτ) can reach order 10−3, very close to the recent experimental value. For M = 1
20
TeV, the Br can reach values of 10−2, which is an order larger than the case of M = 300
GeV. The constraint from hγγ coupling gives a less strict constraint on µ than that from
the LFVHD. So the information of free parameters depends on the experimental bounds of
the LFVHD with large M and me˜1 ≃M .
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FIG. 9: Contour plots as functions of µ and me˜1 in the maximal mixing limit. Conventions are the
same as those given in Fig. 8
From above discussion, one can conclude that if M ≤ 1 TeV the most interesting region
giving large BR(h→ µτ) corresponds to the degeneration of M and the lighter slepton, i.e.,
M = me˜1 ≪ me˜2 or x1 = 1 ≪ x2. Now we will focus on this special case. As mentioned
above, because limx1→1 F2(x1) = 0 and limx2→∞ F2(x2) = 0, resulting in very suppressed
Br(τ → µγ), the constraint now comes from the Higgs coupling cγ. Illustrations are drawn
in Fig. 10. Both of the coupling and decoupling limits can explain the experimental LFVHD
value of 5×10−3 whenM = me˜1 ≥ 400 GeV. And the constraint from hγγ coupling deviation
gives lower bound on these masses. The parameter µ can be determined rather strictly from
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FIG. 10: Contour plots as functions of µ and me˜1 in the limit of M = me˜1 < me˜2 . The Yellow
regions satisfy δγ < 0.2.
the information of LFVHD values. With the recent constraint of Br(h → µτ) ≤ 10−2, µ
should be smaller than a few TeV if the Majorana mass N is below 1 TeV.
Because the masses of the DM candidate N and me˜1 , especially M ≃ me˜1 , are consistent
with values discussed in [9], the electroweak scale of M and me˜1 can give the correct relic
density of DM. And this conclusion does not depend on µ. But in order to satisfy both the
condition of large Br(h→ µτ) and cγ constraint, we indicate that the value of µ should not
be larger than 2 TeV, which is smaller than the values used in [9] for investigating direct
searches of DM, µ ≥ 5 TeV. It can be seen that the DM-nucleon scattering rate decreases
with decreasing values of µ [9]. In particular, the DM-nucleon scattering is generated by
radiative corrections via mediations of the virtual photon and Higgs boson. The contribution
from photon mediation is significant only for lighter sleptons e˜±1 , but is insensitive to µ.
The scattering rate will be much smaller than the current LUX sensitivity if only photon
mediation is considered and M is in range O(100 GeV) [9, 30]. The contribution from the
Higgs mediation can be presented by the effective coupling λhN(0) being proportional to µ
[9]. Because the scattering rate can reach close to the current LUX sensitivity for µ ≥ 5
TeV, the smaller value of µ results in a smaller scattering rate. Hence, it is harder to detect
DM from DM-nucleon scattering with small µ indicated by our investigation.
The region of parameter space we discussed above, with degeneration of masses of
M and me˜1 , is an especially interesting explanation for gamma ray peak being internal
bremsstrahlung in DM annihilation through a charged t-channel mediator e˜±i [30]. This pa-
rameter region is also the most promoting region for finding signals of Majorana DM from
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planned XENON1T [31] and LUXZEPLIN [32] experiments [30].
C. Productions of new particles at colliders
As we have shown, at least the masses of the e˜±1 and lepton-flavored Majorana DM N can
be smaller than 1 TeV. Therefore, they may be detected at current running energies of the
LHC or near future e+e− colliders such as the International Linear Collider (ILC) [33, 34]
and the Compact Linear Collider (CLIC) [35, 36]. Interestingly, the sleptons defined in the
model under consideration couple to SM particles in a very similar way to the sleptons in
supersymmetric (SUSY) extensions of the SM. In addition, all new particles in both kinds
of models are odd under Z2 symmetries. Hence the lightest neutral particle N is a DM
candidate, and plays the same role as the lightest neutralino in the SUSY models with R-
parity conservation. In general, the new particle spectrum in the considering model can be
seen as a simplified version of the superpartner spectrum, which has been hunted by LHC
[37], especially searches for slepton productions [38–41]. For SUSY models, current channels
of experimental searches are pp → ℓ˜ℓ˜ → (ℓχ˜01)(ℓχ˜01), where ℓ± denotes an SM lepton state:
e, µ, τ . In notation of the model under consideration, these channels correspond to processes
pp→ e˜+i e˜−j → (ℓ+N)(ℓ−N). The slepton productions at the LHC happen via virtual gauge
bosons, i.e., pp→ γ∗, Z∗ → ℓ˜0ℓ˜0∗, ℓ˜+ℓ˜−; or pp→W±∗ → ℓ˜±ℓ˜0, because the gauge bosons are
always lighter than the new particles. Based on couplings of new particles at final states,
we see that the signals of detection of new particles in both kinds of models, namely SUSY
and the model studied in our work, are of the same order. Couplings of SUSY particles
are given in detail in many textbooks, e.g., [42]. The relevant couplings of sleptons and N
predicted by the model under consideration are collected in Table I. Note that φ0ℓ is the
neutral component of the slepton doublet, φℓ = (φ
+
ℓ , φ
0
ℓ)
T .
Precise properties of couplings are as follows. Couplings of SM gauge bosons with sleptons
in both SUSY and the model under consideration are of the same order as the gauge coupling
g. The coefficients of slepton-lepton-neutralino couplings ℓ˜ℓχ01 in SUSY models are also of
order of the gauge couplings, the same with the order of the Yukawa coefficients YL,Ra
chosen for e˜−i eaN vertices. Regarding h-slepton-slepton couplings, the vertex coefficients are
proportional to µ in case of the nondecoupling limit, but µ is constrained from above because
of the constraint of the hγγ coupling. Anyway, the model predicts a promising signal of the
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Coupling Vertex Coupling Vertex
he˜+1 e˜
−
1 −is2θ µ√2 he˜
+
2 e˜
−
2 is2θ
µ√
2
he˜+1 e˜
−
2 −ic2θ µ√2 he˜
−
1 e˜
+
2 −ic2θ µ√2
e˜−1 eaN i (sθyRaPL − cθyLaPR) e˜−2 eaN −i (cθyRaPL + sθyLaPR)
Zµ
(
e˜−1 ∂
µe˜+1 − ∂µe˜−1 e˜+1
) −g(c2
θ
−2s2
W
)
2cW
Zµ
(
e˜−2 ∂
µe˜+2 − ∂µe˜−2 e˜+2
) −g(s2
θ
−2s2
W
)
2cW
Zµ
(
e˜−i ∂
µe˜+j − ∂µe˜−i e˜+j
)
−g
4cW
s2θ Aµ
(
e˜−i ∂
µe˜+i − ∂µe˜−i e˜+i
) −gsW
W∓µ
(
φ0∗ℓ ∂
µe˜±1 − ∂µφ0∗ℓ e˜±1
) ∓ g√
2
cθ W
∓
µ
(
φ0∗ℓ ∂
µe˜±2 − ∂µφ0∗ℓ e˜±2
) ∓ g√
2
sθ
TABLE I: Couplings of new particles in the model introduced in [9] . Here i, j = 1, 2 and i 6= j.
slepton production from gluon fusion channel gg → h10 → e˜+e˜− relating to a top quark loop.
The above discussion shows that searches for SUSY sleptons can be applied for sleptons
in the model under consideration. Current lower bounds of sleptons are a few hundred GeV,
which do not exclude the light sleptons and N in the region of parameter space we discussed
above. And they may be detected at the LHC [43–45]. For example, with the condition of
very small differences between masses of stau and the lightest neutralino (not larger than 1
GeV), Ref. [43] suggested that the expected number of staus may be several hundred at 8
and 14TeV LHC run with light masses larger than 450 GeV.
The sleptons and N can also be searched for in future e+e− colliders with collision energies
up to 3 TeV, such as the ILC and CLIC. Predictions for signals of sleptons and DM were
indicated in SUSY models [46–49] and models with lepton-flavored DM [45, 50]. Similarly
to the LHC, slepton productions will be searched through s channels of e+e− → Z∗, γ∗ →
e˜+i ℓ˜
−
j , φ
0
ℓφ
0∗
ℓ . In contrast to the LHC, where quarks and gluons do not couple to e˜i and N ,
there are additional t(u) channels through the exchange of N , leading to enhancements of
slepton production at the ILC. In addition, e+e− colliders give a direct channel of DM search
e+e− → NNγ, corresponding to a signal of a mono-photon plus missing energy. Another
indirect search is the one-loop contribution, where sleptons and N run in loops, to lepton
pair production, e+e− → l+i l−i , and multiflavor lepton final state e+e− → l+i l−j (i 6= j)
[45]. Recent bounds of new particle masses obtained from the LEP are a few hundred GeV
[45, 51, 52], which is consistent with results obtained from the LHC.
In summary, the lower constraints of masses of sleptons and N under recent experimental
results are a few hundred GeV. The parameter region of the lepton-flavor DM we discussed
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in this work is still valid, and is very predictive for many future projects of (in)direct searches
for these new particles.
IV. CONCLUSION
The one-loop contributions to LFV decays of neutral Higgs bosons are now very inter-
esting in many models beyond the SM, where many new particles may inherit masses that
are not far from the electroweak scale. In some models, even the top quarks can play the
role of LFV mediations in the loop. These one-loop contributions can be conveniently writ-
ten in terms of the one-loop-three point C-functions, before taking any approximations for
more precise forms used for numerical investigations. We have shown that numerical results
obtained from the analytical forms of the C-functions introduced in Ref. [18] are in great
agreement with those evaluated by LoopTools. This conclusion is true for all ranges of mass
values in the loops, even with loops containing active neutrino masses smaller than a few
eV. We have compared this with the two other analytic approximations given in [9] and
[16]. We have found that the latter two expressions are still safe with all masses in the loops
large than 1 TeV for the case of studying LFVHD of the SM-like Higgs boson. But they fail
with masses in the loops below a few hundred GeV. Furthermore, they can not be applied
for LFVHD of new heavy neutral Higgs bosons appearing in many models beyond the SM.
However, the results in [18] still work very well.
Based on the above conclusions, the analytic formulas of C-functions given in [18] have
been used to reinvestigate the LFVHD mentioned in Ref. [9], focused on the regions of small
masses of Majorana dark matter M and slepton masses me˜1,2 . We stress that these regions
could not be accurate with the approximation used in previous works. We found many
interesting results that are not metioned in [9]. In particular, large Br(h → µτ) depends
strongly on M , namely it enhances with increasing values of M . Even when constraints of
both Br(τ → µγ) and hγγ coupling deviation are included, the LFVHD can be arbitrary
large with very large M if the following condition is satisfied: M = me˜1 ≪ me˜2 . In the
case of M below 300 GeV, the large Br of LFVHD near the recent experimental report
occurs only in the region having M = me˜1 . The BR of LFVHD is constrained by the hγγ
coupling deviation, where the largest value is of order 10−3. With M around 1 TeV, the
LFVHD constraint from experiment leads to the consequence that µ should be smaller than
25
few TeV. The parameter region discussed in this work can be tested by the LHC and the
ILC in coming years.
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Appendix A: Analytic expressions of PV-functions
Here we list the analytic expressions for calculating one-loop contributions to LFVHD
in the ’t Hooft Feynman gauge. They are from [18]. We would like to stress that these
PV-functions were derived from the general form given in [25], using only the conditions of
very small masses of tauon and muon. They are consistent with [28]. A more precise and
detailed explanation is given in [29]. The denominators of the propagators are denoted by
D0 = k
2 −M20 + iδ, D1 = (k − p1)2 −M21 + iδ, and D2 = (k + p2)2 −M22 + iδ, where δ is
infinitesimally a positive real quantity. The scalar integrals are defined as
B
(1)
0 ≡
(2πµ)4−D
iπ2
∫
dDk
D0D1
, B
(2)
0 ≡
(2πµ)4−D
iπ2
∫
dDk
D0D2
,
B
(12)
0 ≡
(2πµ)4−D
iπ2
∫
dDk
D1D2
, C0 ≡ C0(M0,M1,M2) = 1
iπ2
∫
d4k
D0D1D2
, (A1)
where i = 1, 2. In addition, D = 4−2ǫ ≤ 4 is the dimension of the integral; M0, M1, M2 are
masses of virtual particles in the loop. The momenta satisfy conditions: p21 = m
2
1, p
2
2 = m
2
2
and (p1 + p2)
2 = m2h. In this work, with m1 and m2 are the respective masses of muon and
tauon, and mh is the SM-like Higgs mass. The tensor integrals are
Cµ = Cµ(M0,M1,M2) =
1
iπ2
∫
d4k × kµ
D0D1D2
≡ C1pµ1 + C2pµ2 , (A2)
where B
(i)
0 and C0,1,2 are PV-functions. It is well known that C0,1,2 are finite, while B
(i)
0 and
B
(12)
0 are divergent. We define ∆ǫ ≡ 1ǫ + ln 4π − γE + lnµ2, where γE is the Euler constant.
The divergent parts of the B-functions can be determined as Div[B
(i)
0 ] = Div[B
(12)
0 ] = ∆ǫ,
then the finite parts depend on the scale of the µ parameter with the same coefficient of
the divergent parts. In order to be consistent with LoopTools, we choose µ = 1 GeV. The
analytic formulas of the above PV-functions are:
B
(i)
0 = Div[B
(i)
0 ] + b
(i)
0,1, B
(12)
0 = Div[B
(12)
0,1,2] + b
(12)
0 . (A3)
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In the limit p21, p
2
2 ≃ 0 we have
b
(i)
0 = 1− ln(M2i ) +
M20
M20 −M2i
ln
M2i
M20
, and
b
(12)
0 = − ln(M21 ) + 2 +
2∑
k=1
xk ln
(
1− 1
xk
)
, (A4)
where xk, (k = 1, 2) are solutions of the equation
x2 −
(
m2h −M21 +M22
m2h
)
x+
M22 − iδ
m2h
= 0. (A5)
The C0-function was given in [18] consistent with that discussed in [28], namely
C0 =
1
m2h
[R0(x0, x1) +R0(x0, x2)− R0(x0, x3)] , (A6)
where
R0(x0, xi) ≡ Li2( x0
x0 − xi )− Li2(
x0 − 1
x0 − xi ), (A7)
Li2(z) is the di-logarithm function, x1,2 are solutions of Eq. (A5), and x0,3 are given as
x0 =
M22 −M20
m2h
, x3 =
−M20 + iδ
M21 −M20
. (A8)
In the limit p21, p
2
2 → 0 the C1,2-functions are
C1 =
1
m2
h
[
b
(1)
0 − b(12)0 + (M22 −M20 )C0
]
, C2 = − 1
m2
h
[
b
(2)
0 − b(12)0 + (M21 −M20 )C0
]
. (A9)
If M1 = M2, it can be seen that b
(1)
0 = b
(1)
0 and C1 = −C2. The mentioned PV-function is
enough to discuss the LFVHD of the models mentioned in this work
Appendix B: Proving C ′0(M1,M0,M2) = C0(M0,M1,M2).
The parameterization of C ′0 is chosen as
1
D′1D
′
2D
′
3
= Γ(3)
∫ 1
0
dx
∫ 1−x
0
dy
[xD′1 + (1− x− y)D′2 + yD′3]3
,
where D′123 = xD
′
1 + (1 − x − y)D′2 + yD′3 = x (q2 −m20) + (1 − x − y) [(q + p′1)2 −m21] +
y [(q + p′1 + p
′
2)
2 −m21]. From the equalities (p′1+p′2)2 = m2h and 2p′1.p′2 = (p′1+p′2)2−p′1−p′2 =
m2h − p′1 − p′2, we get
C ′0 = −
∫ 1
0
dx
∫ 1−x
0
dy
(1− x− y)m21 + xm20 + ym22 − xym2h
.
Comparing with C0 shown in [18], namely
C0 = −
∫ 1
0
dx
∫ 1−x
0
dy
(1− x− y)M20 + xM21 + yM22 − xym2h
,
we have the same conclusion as shown in (1).
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Appendix C: Analytic approximation from [16]
Here we list the needed approximation
m2
h
4m2
V
,
m2
h
4m2
N
≪ 1. The general C0 is defined as in
(A1). After using the Feynman parameterization we get an expression of C0 that is the same
as mentioned above, and the C1,2-functions are
C1(M0,M1,M2) = −C2(M0,M1,M2)
= −
∫ 1
0
dx
∫ 1−x
0
xdy
(1− x− y)M20 + xM21 + yM22 − xym2h
. (C1)
The approximation in some special cases are
C′′′0 (mN ,mV ,mV ) = −
1
m2
V
(
1
1− λN +
λN lnλN
(1− λN )2
+
m2
h
4m2
V
× 1− 6λN + 3λ
2
N
+ 2λ3
N
− 6λ2
N
lnλN
2(1− λN )4
)
+O
([
m2
h
4m2
V
]2)
,
C′′′0 (mV ,mN ,mN ) = −
1
m2
V
(1 − λN )2
(
− 1 + λN − lnλN
+
m2
h
4m2
V
× 2 + 3λN − 6λ
2
N
+ λ3
N
+ 6λN lnλN
3λN (1− λN )2
)
+O
([
m2
h
4m2
V
]2)
,
C′′′0 (M0,M0,M2) = −
1
M20
(
1− λN + λN lnλN
(λN − 1)2 −
m2
h
4M20
× 1 + 4λN − 5λ
2
N
+ 2λN (2 + λN ) ln λN
(λN − 1)4
)
,
C′′′1 (mV ,mN ,mN ) = −C′′′2 (mV ,mN ,mN ) = −
1
4m2
V
(1− λN )3
(
3− 4λN + λ2N + 2 lnλN
+
m2
h
m2
V
× −3− 10λN + 18λ
2
N
− 6λ3
N
+ λ4
N
− 12λN lnλN
9λN (1− λN )2
)
+O
([
m2
h
4m2
V
]2)
,
C′′′1 (mN ,mV ,mV ) = −C′′′2 (mN ,mV ,mV ) = −
1
4m2
V
(1 − λN )3
(−1 + 4λN − 3λ2N + 2λ2N lnλN
+
m2
h
m2
V
× −1 + 6λN − 18λ
2
N
+ 10λ3
N
+ 3λ4
N
− 12λ3
N
lnλN
9(1− λN )2
)
+O
([
m2
h
4m2
V
]2)
.
(C2)
[1] T. Hahn, M. Perez-Victoria, Comput. Phys. Commun. 118 (1999) 153 [hep-ph/9807565].
[2] The ATLAS Collaboration, Phys.Lett. B 716, 1 (2012), arXiv:1207.7214; The CMS Collabo-
ration, G. Aad et al, Phys. Lett. B 716, 30 (2012) , arXiv:1207.7235.
[3] CMS Collaboration, Phys. Lett. B 749, 337 (2015); ATLAS Collaboration, JHEP 1511 (2015)
211, arXiv: hep-ex/1508.03372.
28
[4] CMS Collaboration. 2015., CMS-PAS-HIG-14-040.
[5] S. Kanemura, K. Matsuda, T. Ota, T. Shindou, E. Takasugi and K.Tsumura, Phys. Lett. B
599, 83 (2004), hep-ph/0406316; G. Blankenburg, J. Ellis and G. Isidori, Phys. Lett. B 712,
386 (2012), arXiv:hep-ph/1202.5704; S. Davidson and P. Verdier, Phys. Rev. D 86, 111701
(2012), arXiv: hep-ph/1211.1248; S. Bressler, A. Dery and A. Efrati, Phys. Rev. D 90, 015025
(2014), arXiv: hep-ph/1405.4545; D. Aristizabal Sierra and A. Vicente, Phys. Rev. D 90,
115004 (2014), arXiv: hep-ph/1409.7690; C. X. Yue, C. Pang and Y. C. Guo, J. Phys. G42,
075003 (2015), arXiv: hep-ph/1505.02209; S. Banerjee, B. Bhattacherjee, M. Mitra, M. Span-
nowsky, JHEP 1607 (2016) 059, arXiv:1603.05952 [hep-ph]; Indrani Chakraborty, Amitava
Datta, Anirban Kundu, ”Lepton flavor violating Higgs boson decay h → µτ at the ILC ”,
arXiv:1603.06681 [hep-ph].
[6] W. Altmannshofer, S. Gori, A. L. Kagan, L. Silvestrini, J. Zupan, Phys.Rev. D93 (2016),
031301.
[7] X. G. He, J. Tandean, Y. J. Zheng, JHEP 1509 (2015) 093 ; R. Harnik, J. Kopp and J.
Zupan, JHEP1303, 026 (2013), arXiv: hep-ph/1209.1397; A. Celis, V. Cirigliano and E.
Passemar, Phys. Rev. D89, 013008 (2014), arXiv: hep-ph/1309.3564; A. Dery, A. Efrati,
Y. Nir, Y. Soreq and V. Susi, Phys. Rev. D90, 115022 (2014), arXiv: hep-ph/1408.1371; J.
Heeck, M. Holthausen, W. Rodejohann and Y. Shimizu, Nucl. Phys. B896, 281 (2015), arXiv:
hep-ph/1412.3671; A. Crivellin, G. DAmbrosio and J. Heeck, Phys. Rev. D91, 075006 (2015),
arXiv: hep-ph/1503.03477; J. L. Diaz-Cruz and J. J. Toscano, Phys. Rev. D62, 116005 (2000),
arXiv: hep-ph/9910233; L. D . Lima, C. S. Machado, R. D. Matheus, L. A. F. D. Prado,
JHEP1511, 074 (2015), arXiv: hep-ph/1501.06923; I. d. M. Varzielas, O. Fischer, V. Maurer,
JHEP1508, 080 (2015); K. Huitu, V. Keus, N. Koivunen, O. Lebedev, JHEP 1605 (2016)
026, arXiv:1603.06614; S. Baek, J. Tandean, ”Flavor-Changing Higgs Decays in Grand Uni-
fication with Minimal Flavor Violation ”, arXiv:1604.08935 [hep-ph]; J. Herrero-Garcia, N.
Rius, A. Santamaria, Higgs lepton flavour violation: UV completions and connection to neu-
trino masses, arXiv:1605.06091 [hep-ph]; W. Altmannshofer, M. Carena, Andreas Crivellin, A
Lµ−Lτ theory of Higgs flavor violation and (g−2)µ , arXiv:1604.08221 [hep-ph]; C. Alvarado,
R. M. Capdevilla, A. Delgado, A. Martin, Phys.Rev. D94 (2016), 075010, arXiv:1602.08506
[hep-ph]; A. Lami, P. Roig, Phys.Rev. D94 (2016), 056001, arXiv:1603.09663 [hep-ph].
[8] A. Brignole, A. Rossi, Phys. Lett. B566, 217 (2003), arXiv:hep-ph/0304081; A. Brignole, A.
29
Rossi, Nucl. Phys. B701, 3 (2004), arXiv:hep-ph/0404211; M. Arana-Catania, E. Arganda,
M. J. Herrero, JHEP1309, 160 (2013); JHEP1510, 192 (2015); E. Arganda, M. J. Herrero, X.
Marcano, C. Weiland, Phys.Rev. D93, 055010 (2016) , arXiv: hep-ph/1508.04623; P. T. Giang,
L. T. Hue, D. T. Huong and H. N. Long, Nucl. Phys.B 864 (2012) 85, [arXiv:1204.2902(hep-
ph)]; L. T. Hue, D. T. Huong, H .N. Long, H. T. Hung, N. H. Thao, Prog. Theor. Exp. Phys.
113B05 (2015), arXiv:1404.5038 [hep-ph]; D. T. Binh, L. T. Hue, D. T. Huong, H. N. Long,
Eur. Phys. J. C 74 (2014) 2851, [arXiv:1308.3085(hep-ph)]; E. Arganda, M. J. Herrero, R.
Morales and A. Szynkman, JHEP 1603, 055 (2016), arxiv: hep-ph/1510.04685; J. L. Diaz-
Cruz, JHEP 0305, 036 (2003) arXiv: hep-ph/0207030].
[9] S. Baek, Z.F. Kang, JHEP 1603 (2016) 106, arXiv:1510.00100 [hep-ph].
[10] S. Baek, K. Nishiwaki , Phys.Rev. D93 (2016), 015002, arXiv:1508.01897 [hep-ph].
[11] K. Cheung, W. Y. Keung, P.Y. Tseng, Phys.Rev. D93 (2016), 015010.
[12] A. Falkowski, D. M. Straub, JHEP 1405 (2014) 092, arXiv:1312.5329 [hep-ph].
[13] E. Arganda, A. M. Curiel, M. J. Herrero, D. Temes, Phys. Rev. D 71, 035011 (2005), arxiv:
hep-ph/0407302.
[14] E. Arganda, M. J. Herrero, X. Marcano and C. Weiland, Phys. Rev. D 91, 015001 (2015).
[15] J.G. Korner, A. Pilaftsis, K. Schilcher , Phys.Rev. D47 (1993) 1080
[16] A. Pilaftsis, Phys.Lett. B285 (1992) 68.
[17] C.F. Chang, C.H. V. Chang, C. S. Nugroho, T.C. Yuan, Nucl.Phys. B910 (2016) 293,
arXiv:1602.00680 [hep-ph].
[18] L.T. Hue, H.N. Long, T.T. Thuc, N.T. Phong, Nucl.Phys. B907 (2016) 37, arXiv: hep-
ph/1512.03266; T.T. Thuc, L.T. Hue, H.N. Long and T.Phong Nguyen, Phys.Rev. D93 (2016)
115026, arXiv:1604.03285 [hep-ph].
[19] A. Pilaftsis , Z.Phys. C55 (1992) 275.
[20] T. Nomura, H. Okada, Y. Orikasa, Phys.Rev. D94 (2016), 055012.
[21] I. Dorsˇner, S. Fajfer, A. Greljo, J. F. Kamenik, N. Kosˇnik, Ivan Niˇsandzˇic, JHEP 1506 (2015)
108.
[22] Seungwon Baek, Takaaki Nomura, Hiroshi Okada, Phys.Lett. B759 (2016) 91,
arXiv:1604.03738 [hep-ph].
[23] D. Dasa, A. Kundu, Phys.Rev. D92 (2015) 015009 ; Ying-nan Mao 1 and S. H. Zhu, Phys.Rev.
D93 (2016) 035014; F. J. Botella, G. C. BRanco, M. Nebot and M. N. Rebelo, Eur.Phys.J.
30
C76 (2016) 161; A. Crivellin, G. D’Ambrosio, J. Heeck, Phys.Rev.Lett. 114 (2015) 151801; N.
Bizot, S. Davidson, M. Frigerio, J. L. Kneur, JHEP 1603 (2016) 073; M. Sher, K. Thrasher,
Phys.Rev. D93, 055021 (2016); X. F Han, L. Wang, J. M. Yang, Phys. Lett. B 757 (2016) 537;
Y. Farzana 1 and I. M. Shoemakerb,JHEP 1607 (2016) 033, arXiv:1512.09147 [hep-ph]; M.
Buschmann, J. Kopp, J. Liu and X.P. Wang, JHEP 1606 (2016) 149, arXiv:1601.02616 [hep-
ph]; X.F. Han, L. Wang, J.M. Yang, Phys.Lett. B757 (2016) 537, arXiv:1601.04954 [hep-ph];
C.H. Chen and T. Nomura, Eur.Phys.J. C76 (2016) 353, arXiv:1602.07519 [hep-ph].
[24] R. Mertig, M. Bohm, A. Denner, Comput. Phys. Commun. 64 (1991) 345; T. Hahn, C. Schap-
pacher, Comput. Phys. Commun. 143 (2002) 54 [arXiv:hep-ph/0105349]; T. Hahn, Comput.
Phys. Commun. 140 (2001) 418 [arXiv:hep-ph/0012260]; T. Hahn, M. Perez-Victoria, Com-
put. Phys. Commun. 118 (1999) 153 [arXiv:hep-ph/9807565]; W. Porod, F. Staub, A. Vicente,
Eur.Phys.J. C74 (2014), 2992.
[25] G. ’t Hooft and M. Veltman, Nucl.Phys. B153, 365 (1979).
[26] A. Denner and S. Dittmaier, Nucl.Phys. B734 (2006) 62.
[27] A. Abada, M.E. Krauss, W. Porod, F. Staub, A. Vicente and C. Weiland, JHEP 1411 (2014)
048, e-Print: arXiv:1408.0138 [hep-ph]; A. Ibarra, E. Molinaro, S.T. Petcov, Phys.Rev. D84
(2011) 013005; L. Lavoura, Eur.Phys.J. C29 (2003) 191.
[28] D. Y. Bardin, G. Passarino, ”The Standard Model in the making: Precision study of the
electroweak interations”, Clarendon Press-Oxford, 1999.
[29] L. D. Ninh, ”One-Loop Yukawa Corrections to the Process pp → bb¯H in the Standard Model
at the LHC: Landau Singularities”, PhD thesis, eprint: arXiv: hep-ph/0810.4078.
[30] J. Kopp, L. Michaels and J. Smirnov, JCAP 1404, 022 (2014).
[31] E. Aprile (XENON1T collaboration) (2012), Springer Proc.Phys. 148 (2013) 93.
[32] D. Malling, D. Akerib, H. Araujo, X. Bai, S. Bedikian, et al. (2011), After LUX: The LZ
Program, arxiv: 1110.0103 [astro-ph.IM].
[33] T. Behnke et al., The International Linear Collider Technical Design Report - Volume 1:
Executive Summary, [arXiv:1306.6327 [physics.acc-ph]].
[34] C. Adolphsen, M. Barone, B. Barish, K. Buesser, P. Burrows, et al., The International Linear
Collider Technical Design Report- Volume 3.II: Accelerator Baseline Design, arXiv:1306.6328.
[35] E. Accomando et al. [CLIC Physics Working Group Collaboration], [arXiv:hep-ph/0412251].
[36] L. Linssen, A. Miyamoto, M. Stanitzki, and H. Weerts, Physics and Detectors at CLIC: CLIC
31
Conceptual Design Report, CERN-2012-003, [arXiv:1202.5940 [physics.ins-det]].
[37] K.A. Olive et al. (Particle Data Group), Chinese Physics C38, 090001 (2014).
[38] The ATLAS collaboration, JHEP 1405 (2014) 071.
[39] The ATLAS collaboration, JHEP 1410 (2014) 096.
[40] The ATLAS Collaboration, JHEP 1510 (2015) 134.
[41] The ATLAS Collaboration, Phys.Rev. D93 (2016) 052002.
[42] H.K. Dreiner, H.E. Haber, S.P. Martin, Phys.Rept. 494 (2010) 1.
[43] Y. Konishi, S. Ohta, J. Sato, T. Shimomura, K. Sugai, M. Yamanaka, Phys.Rev. D89 (2014)
075006.
[44] W. Altmannshofer, P. J. Fox, R. Harnik, G.D. Kribs, Ni. Raj, Phys.Rev. D91 (2015) no.11,
115006.
[45] M.C. Chen, J. Huang, V. Takhistov, JHEP 1602 (2016) 060.
[46] J.L. Feng, M.E. Peskin, Phys.Rev. D64 (2001) 115002.
[47] A. Freitas, A. von Manteuffel, P.M. Zerwas, Eur.Phys.J. C34 (2004) 487.
[48] M.E. Peskin, Prog.Theor.Phys.Suppl. 123 (1996) 507.
[49] G. Moortgat-Pick et al., Eur.Phys.J. C75 (2015), 371.
[50] A. Freitas, S. Westhoff, JHEP 1410 (2014) 116.
[51] DELPHI Collaboration, J. Abdallah et al., Eur. Phys. J. C38 (2005) 395.
[52] DELPHI Collaboration, P. Abreu et al., Phys. Lett. B485 (2000) 45.
32
